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Abstract. In this paper, we prove scattering for the defocusing Beam equa- 
tion utt + A^n + mu + \\u\P~^u = in low dimensions 2 < ra < 4 for 
p > 1 + 8/n. The main difficulty is the absence of a Morawetz-type estimate 
and of a Galilean transformation in order to be able to control the Momentum 
vector. We overcome the former by using a strategy of Kenig and Merle [B] 
derived from concentration-compactness ideas, and the latter by considering a 
Virial-type identity in the direction orthogonal to the Momentum vector. 



The goal of the present paper is to further develop the scattering theory for the 
nonlinear beam equation 



where u:MxR"^R, l<n<4, rn>0 and 1 + 8/n < p < +oo. Scattering for 
the Beam equation (lO.ip was conjectured in Levandosky and Strauss [ID when the 
authors found an analogue of the Morawetz estimate for the Klein-Gordon equation 
that applied to the Beam equation. We refer also to the work of Levandosky [51 [S] 
where scattering for small initial data was proved and an analysis of existence and 
stability of traveling waves for (0.1) was carried over. We also mention Hebey and 
Pausader [5] for other results in the focusing case. 

In Pausader |I3| the author proved scattering for the Beam equation in the high 
dimensional setting n > 5 where one can use the Morawetz estimate of Levandosky 
and Strauss [10], the fast decay of the hnear propagator and ideas from Tao [16]. 
We also refer to Pausader and Strauss [M] for a discussion of various properties of 
the scattering operator. 

Lower dimensions are more difficult to handle because linear solutions do not 
decay sufficiently fast and no analogue of the Morawetz estimate is known. There- 
fore, the method of Pausader [13 completely breaks down. In this paper, we use 
a different method to prove another part of the conjecture, namely we prove that 
scattering also holds for the low dimensions 2 < n < A. We also prove that, in 
dimension n > 2, any nonlinear solution has bounded space-time norms, with a 
bound depending only on the energy of the initial data. 

Our main result is as follows. See the next section for the definition of strong 
solution and of the energy. 

Theorem 0.1. Let 2<n<A, \ >Q and 1 -|- 8/n < p < +oo. Then any strong 
solution u of (|0.ip scatters in the sense that there exists two linear solutions of the 
associated linear problem such that 




u + mu + A|u| 



u = 



(0.1) 



\\u{t)~v^{t)\\H^ + \\ut{t) 
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as t ^ ±00. 

It is easy to see (of Proposition 11.21 below) that, when l + 8/n<p< +00, and 
n < A, scattering for the Beam equation is imphed by the finiteness of the foUowing 
norm 

ll"lls(/) = I|m||lp+1(/xR") (0.2) 
when / = M. We actuaUy prove Theorem lO.ll bv proving, see Theorem l2.1l in Section 
El that the S -norm is not only finite for all strong solutions, but also bounded by 
a quantity depending only on the energy. 

In order to prove Theorem 10. 1[ we use a strategy derived from concentration- 
compactness ideas devised by Kenig and Merle O [7] in order to tackle scattering for 
focusing critical problems. We also refer to Duyckaerts, Holmer and Roudenko [3] 
for another adaptation in the subcritical case. As an important remark, it should 
be noted that the Beam equation (jO.ip does not seem to possess an invariance 
that could play the role of the Galilean invariance in setting the momentum of 
the critical solution to 0, contrary to the Schrodinger equation. We also mention 
that our approach is somewhat different from the approach developed in the second 
order case by Nakanishi [12 and CoUiander, Grillakis and Tzirakis [2] where the 
authors prove scattering for Schrodinger and wave equations in small dimensions 
using an adaptation of the Morawetz inequality which is not available in the case of 
the Beam equation. Indeed, the lack of these Morawetz-type inequalities and of a 
Galilean-type invariance are major impediments in the case of the Beam equation. 

More precisely, we proceed as follow. We define the function A in Theorem 12.11 

by 

AiE)^sup{\\ur+^y.E{u)<E} (0.3) 

where the supremum is taken over all nonlinear solutions of (jO.ip of energy less 
than E, and 

E^ax = sup{E : A{E) < (0.4) 
Our goal in the following is to prove that Emax — +00. Using a profile decomposi- 
tion similar to the one of Bahouri and Gerard [1] , and a strategy inspired by Kenig 
and Merle [B] and Tao, Visan and Zhang [T7], we prove here that if Emax < 00, 
then there exists a nonlinear solutions of (jO.ip of energy exactly Emax with strong 
compactness properties. Then, using a Virial-type estimate, we find a contradic- 
tion. The Morawetz/ Virial functional we use in the last step is inspired by a proof 
of nonexistence of traveling waves for the defocusing equation. This proof breaks 
down in dimension n = 1 , when a directional derivative is equal to a full derivative. 
This is the reason why we cannot conclude in the case n — \. We refer to Section 
[3] for more details. 

This paper is organised as follows: in Section[T]we give notations we use through- 
out the paper, as well as previous results from Pausader T3j. In Section [21 we 
establish a profile decomposition for linear solutions associated to (jO.ip and use it 
to produce a critical solution which is essentially a traveling wave, and in Section 
[3l we finish the proof of Theorems 10.11 and 12.11 Finally, in the appendix, we give 
two results about the translation parameter of the critical equation. 

1. Notations and previous results 

We fix notations we use throughout the paper. In what follows, we write A< B 
to signify that there exists a constant C depending only on n such that A < CB. 
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When the constant C depends on other parameters, we indicate this by a subscript, 
for exemple, A <„ B means that the constant may depend on u. Similar notations 
hold for >. Similarly we write A ~ B when A < B < A. 

We assume that n < 4. In the sequel, we let £ = x be the energy space. 
On f , we define the inner product 

((mo, Ml), (wo, vi))£ = / {uivi + AmqAwo + muQVo) dx, 

the free energy 

Eo{u,v)^^J [v"^ + {Au)'^ + mu"^) dx, 

and we choose y^Eo as norm on £. We also define two other functionals on £, the 
nonlinear energy. 



A 

P 

and the momemtum 



E{u,v)^Eo{u,v) + -—\\u\f+U (1.1) 
p + 1 



Mom(M, u)= / vVudx. (1.2) 

Given (uq, ui) e £, there exists a unique solution w G C(M, £) of the linear equation 

wtt + A'^w + mw = (1.3) 

such that (w(0), wt(0)) = (uq, ui). We define the free evolution isometry group on £, 
W, by {w{t),wt{t)) = W{t){uQ,ui). We also let tti and n2 be the projection from £ 
onto the first and second argument. For w a linear solution of p.3p . the free energy 
is constant, and we may write Eq{w) instead of EQ{w{t),wt{t)) — E{w{Q),Wt{0)), 
where f e M is any time. 

For y G R" and / a function defined on R", we define Tyf by 

Tyf{x)^f{x-y). (1.4) 

For 1 < p,g < oo, we define LP(M,L9) to be the completion of C;?°(R") with the 
norm 




= / / \f{t,x)\'>dx] dt 



and for / an interval, we let L^(/, L"^) be the restiction to / of functions in L*'(R, L''), 
and we endow LP{I, L') with the natural restriction norm. We adopt similar defi- 
nitions when p or q is infinite. Given a > 1, wc let a' be the conjugate of a, so that 
i + i = l. 

WeedsoletEi = L^{I,H^)nW^'°^{I,L^)nW^^°°{I,H-^)nLP+\l,LP+^). We 
call strong solution of (j0.1|) on / any function u such that for all compact J C /, 
w S Ej and ()0.ip holds in i?^^ on J. It follows from results in Pausader [13] (see 
also Levandosky [8, 9 for earlier results) that for any initial data (ug, ui) € £, there 
exists a unique nonlinear strong solution of (|0.ip . u e C(R, i?^) n C^(R, L^) with 
initial data (w(0),ut(0)) = (mo,mi). Besides, that solution has conserved energy 
and momentum, that we simply refer to as E{u) and Mom(u), thus for all t, 

E{u) — E{u{t),ut{t)) = E{uq,ui), and 

Mom(u) — Mom(?i(t), it((t)) = Mom(uo, ui), 

where we define the energy and momentum on £ by (jl.ip and (|1.2p . 
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For convenience, given a function lu G E/, we may write i?(a;(<)) or _Bo(w(t)) 
instead of E{uj{t),ujt{t)) and Eo{uj{t), ojt{t))- We may also use the vectorial notation 
Oj{t) = {LLj{t),dtuj{t)). In addition to the S norm defined in (|0.2p . we also need the 
following norm 

||w||Ar(/) = 2(r. + 2) 2(n + 2) +||w|| 2(,^ + 4) 2(r.+4) . 

L " + -1 (/,L " + 4 ) L 1 + 8 (/,L " + 8 ) 

We may omit / when / = M. 

The Strichartz estimates from Pausader [13J implies the following estimate when 
n < 4: let u e C(/, i/^^) satisfy the equation utt + A^w + mu — h with initial data 
(u(0),ut(0)) e £, and let (a, 6) be such that 

4 n n 
2 < a,b < oo and — \- t ^ 7: i 
a b 2 

then 

I1'"I1ei + llw|U»(/,L'') < l|wo||ff2 + ||mi||l2 + ||^IU(/). (1.5) 

We note also that we can replace the control on h in the iV-norm by any term like 

II^IIl<!'(l'-') + II^IIl^'cl"')' (^-^^ 

where 2 < q,r,s, a < oo and 4/q + n/r — 2/s + n/a = n/2. 

Finally, we need the following Littlewood-Paley projection. Let ip G C^(M") 
be supported in the ball i?(0, 2), and such that ij; = 1 in B{0, 1). For any dyadic 
number N ~ 2'^ , k E we define the following Littlewood-Paley operators: 

= V'(e/^)/(0, 

iW(0 = (1 ~ ^j{C/N))f iO, (1-7) 

p^f io = m/N) - i^{'^iim ho- 

Similarly we define P<Ar and P>n by the equations 

P<N = P<N - Pn and P>n = P>n + Pn, 

and we let these operators act on couples of function as follows: Pn{u,v) — 
{Pnu, Pmv), and similarly for P>Ar and P<^n- These operators commute one with 
another. They also commute with derivative operators and with the semigroup W. 
In addition they are self-adjoint and bounded on L'^ for all 1 < g < oo. Moreover, 
they enjoy the following Bernstein property: 

\\P>Nf\\L. <s N-'\\\V\'P>Nf\\L. <s iV-11|Vr/llL. 
ll|VrP<Jv/||L. <s N'\\P<Nf\\L^ <s A^II/IIl. (1.8) 

IIIvi^^Fat/iIl. <s n^'WPnJWl^ <s N^'WfU. 

for all s > 0, and all 1 < g < oo, independently of /, N, and q, where |V|'' is the 
classical fractional differentiation operator. We refer to Tao [15] for more details. 

Now, we state previous results about solutions of (|0.ip . In the following, we 
always assume that 1 < n < 4 and that l + 8/n<p<ooor that n > 5 and 
1 -|- 8/n < p < 1 4- 8/(n — 4), and in this case, we replace ||w||s by A first 

result we need is the following lemma that allows us to understand when the linear 
solution is a good approximation of the nonlinear one. 
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Lemma 1.1. Let (uo,wi) G £ and let {w,wt) ~ W{-){uo,ui). There exists S > 
depending only on \X\, p, n and E such that if E{uq,ui) < E and I is an interval 
such that 

\H\sii)<S (1.9) 
then, letting u he the strong solution of (jO.ip with initial data {uq,ui), we have that 
u exists on I and that 

Msd) < lklls(7). (1.10) 

Besides, if I — [T, +oo), then u scatters at +00. In particular, A in (|0.3p is finite 
and sublinear in a neighborhood ofO. 

The proof follows by a straighforward fixed-point argument. This proves that the 
Cauchy problem is well-posed in C([0, T],H^) n C^{[0, T], L^) n Lp+^{[0, T], LP+^) 
for initial data (uq, ui) G £ belonging to a ball in the energy space, where T depends 
on the radius of the ball. Using the conservation of energy, these solutions can be 
extended globally. This gives the following proposition which is the starting point 
of our investigation. 

Proposition 1.1. For all initial data {uq,ui) in the energy space, there exists 
a unique globally defined nonlinear solution u € C(R, i?^) n C^(R, L^). Besides 
the evolution flow (u(0),ut(0)) G £ 1-^ u G E/ is continuous for all compact time 
interval I. 

The key point to understand better the behaviour of these solutions is to gain 
access to global in time bounds. Actually, as previously said, only a bound on the 
S norm is sufficient. This is the object of the following proposition. 

Proposition 1.2. Assume that A>0, l<n<4 and p > {n + 8)/n. Let u be a 
solution of (jO.ip such that 

l|w||s(R) < +00 

then u scatters. 

Proof. We prove that u scatters at -l-oo. The proof for scattering at —00 is similar. 
We claim that 

\\\uY'-M\ +\\\urM\ <iJH.IHI. 1- (1.11) 

L "+4 (RxR") L "+8 (R+xR") 

First in case 1 < n < 3, we remark that 

L "+'1 (RxR") 

< II,/JI^/II7/J|(At^Jp + |k||"f||Ml|(AT"> 



2^,^ + 2) -I- II |-U|- U|| 2(,. + 4) 

L "+'1 (RxR") L " + s ( 



L°°(RxI 



s 

for e = {n + 4)(p + l)/(2p(n-h 2)) and n = [n + 8)(p -M)/(2p(n + 4)). In the case 
n — 4, applying Strichartz estimates p.Sp and using conservation of Energy and 
Holder's inequality, we get that 



II"IIl3(R,L3p) < y/E{u) + \\\U\P ^U\\ 2(„ + 2) +\\\U\P ^U\\ 2(„ + 4) 

L "+4 (RxR") L "+8 I 



+ ll'^lls^ ^ll^llL~(R,L3P)ll'"lli3(R,L3p) 

^£;(«),||u||s 1 + II"IIl3(R,L3p) + \\u\\l3(^,L^p) 
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for e ^{p- 2)l{2p ~ 1), and k 3(p - 3)/(4(2p - 1)). This implies that 

I|m||l3(r^L3p) < +00 

and boundedness of u in the S'-norm and Holder's inequality give (jl.lip also in 
dimension 4. Now, let U" be such that {Via), {a)) = (0,0) and + A^C/'" + 
mU'^ = — A|u|P^^u. Let also w'^ be defined by 

<(<)) = W{t + ut{a)), 

then for all i, u{t) = w'^(i) + t/°'(i), and applying Strichartz estimates on the interval 
I = (cr, +cxd) gives with (jl.lip that 



\\w"\\s(i) < ll"lls(/) + l|C/"lls(/) 

p 

2{n + 4 

L "+8 (/xR") L (7xR") 



s \\u\\s(i) + iiMr 2(„+4)p +iiwr2(i+2)p 



<o(l) 

as cr ^ +00. Choosing cr such that (|1.9p hold for w'^, we can apply Lemma [TTT] and 
conclude that u scatters. □ 

In our analysis, we need the following stability statement, the proof of which 
follows from repeated use of Strichartz estimates in the spirit of the proof of Propo- 
sition 11.21 above. 

Proposition 1.3. For any E > 0, E' and M > 0, there exists a constant 6a > 
such that for all S < Sq, for any t; G E/ an almost solution of (jO.ip in the sense 
that 

vu + A'^v + mv - X\v\P-^v = e, (1.12) 
for any (uq, Ui) E E , if <E I and 

E{uo-v{Q),ui-vtm<E' 

hiW{-){uo-v{{)),u^~vt{m\s{i)<5 

Ms(i)<M (^^13) 

sup£'(u, vt) < E 

Mn{i) < S 

then there exists a unique solution u of (jO.ip such that {u{Q),Ut{Q)) = (uo,Mi). 
Besides, we have the following bound 

\\u-vUi)<C5 

\\u\\l^(i^h-)<C{E + E' + 5) ^ ■ ' 

Note that one can replace the control on the A^-norm of e in (|1.13p by the same 
control on the norm in 111.61). 



2. Asymptotic results and compactness 

As mentioned in the introduction, Theorem lO.ll is a consequence of the following 
theorem, where we establish that the S'-norm is not only finite for strong solutions, 
but also bounded by a quantity depending only on the energy. 
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Theorem 2.1. Let 2<n<4, A>0 and p such that 1 = 8/?! < p < oo. There 
exists a function A, given by ()0.3|) swc/i f/iaf for all strong solutions u of (jO.ip . 

hlls(R) < A(£;(u)) (2.1) 
where E{u) is the energy defined in (jl.ip . 

The proof of Theorem 12.11 will be completed in the next section. As a remark, 
an analogue of Theorem 12.11 could be stated in the case n > 5. When n > 5 and 
1 + 8/n < p < 1 + 8/(ri — 4), we let the S'*-norm be given by 

II"I|S*(/) = ll"ll 2(„ + 2)p 2(„ + 4)p 

L 1+4 (/xR") L " + 8 (7xR") 

see Pausader [12]. Then, following the lines of the proof of Theorem 12.11 we can 
prove that there exists a function A such that for all strong solutions u of (0.1), 
there holds that 

\\u\\s'iR)<A{E{u)). 

From now on, we focus on the proof of Theorem l2.1l We always assume 1 < n < 4 
and 1 + 8/n < p < oo. We also let s = n{p - l)/{2{p + 1)) e (0, 2) be such that 

^ LP+\ (2.2) 



In this section, we develop the study of sequences of solutions of (jO.ip of bounded 
energy. 

Proposition 2.1. Let {uk)k be a sequence of solutions of (jO.ip such that 

E{uk) Ejnax and \\uk\\s ^ +00- (2.3) 

Then one has 



lim limsupsupi?o Uk{t) — PNUk{t) 



0. (2.4) 



Following Gerard [1], we say that the sequence {uk)k is uniformly 1-oscillatory. 
Informally speaking, this means that Uk{t) remains localized around medium fre- 
quencies l^^l ~ 1 for all times and uniformly in k. 

Proof. Let w be a solution of the linear equation (|1.3p such that Eq{uj) < E„iax 
and let M be a dyadic number, then, using Strichartz estimates (jl.Sp . Bernstein's 
property (jl.Sp and the isometric property of the linear flow W, we get that, for 
q = A/s = 8{p+l)/{nip-l)), 



\P>M^\\s < \\P>AI^\\lJ'lp+^ \\^>M^ 



1- 



<ii^>M-ii,4':"'ii-ii2^i;^. ^ ^ 

(2 5) 

<Eo{lo)^(^ (||P>MC^(0)||^. + ||P>M'^t(0)||^.-O'"'^ 



8 / 1 \ : 
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, .1 (2.6) 



Besides, still by (|1.5p and (jl.Sp . we also have that 

\\P<aM\s < \\P<MU;hJ^\\P<AM\^,, 

L — 7i — L — S — 

Consequently, we get that, for M > 1 a dyadic number, there holds that 

||^>A/c^||s + ||F<M-ic^||s M"" (2.7) 

for some 77 > 0. 

Now, suppose that (|2.4p is not true. Then there exists £ > 0, and a sequence 
J — !■ +00 such that 



k — >+oo t 



limsupsupi?o ( Ufc(i) - ^ PNUk{t) \ > 3e. (2.8) 

I lnJV|<j / 



For any j and any k, let s = s(j, k) be such that 



In W|<j 







> sup 





Eo I ufe(i) - Yl PNUkit) 

\\nN\<j ) 



Then, for j > 8, we choose two sequences iV^ e (2 ^ ,2 ^j) and e (2^7j, 2^) of 
dyadic numbers such that 

EoiP^^Ukis)) < 4E,nax/iogj and £^0(^4/^ "*:(«))< 4£^ma2;/ logj, 

where = P/v/2 + + £27V- Let w° = 7riyV(-)PAr^<.<Mfe(Mfe(io), 9ftife(io)), 
'^t^.fe = '^iy^i-)P<Nkiuk{to), dtUk{to)) and cj+ = TTiW{-)P>Mk{'Ukito),dtUkito)). 
We now claim that 

E{uk) = Eo{^-,) + Eoi^+,) + i?«fc(to), 9t<fe(io)) + o(l), (2.9) 

where o(l) — > as j — s- +00. Indeed, 

Eoiukis)) - Eoiuj-,) - i?o«fc) " i?o(w,tfe) ^ i?o(Pk"''^(*)) + EoiP;,.j,Uk{^)) 



< 



E„ 



(2.10) 

while, by (|1.8p . for any t g R, we have that 

IKfc(i)llL.+i < N^\\Lo-^mL^ (j2-^y. (2.11) 

and, by Sobolev's inequality (|2.2p . 

iKjoiil..^ < iiivr<,(t)iu. < Afr'ii..+,(i)iu. ^ 

Now, (|27T0l) - (l27T2l) prove ([2^ . Then, for j sufficiently large, there holds that for k 
sufficiently large, 

E{PNk<-<Mk{uk{tQ),dtUk{to))) < Eraax 

hence, letting Uk be the nonlinear solution of (10. ip with initial data 
{Uk{0),Ut{0)) = PN,<-<M,{uk{to),dtUk{to)), 
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we have the fohowing bound by definition of A in (|0.3p and Emax in ()0.4p : 

\\Uk\\s < AiE„rax~e) < +00. 
Hence, using (|2.7p . we have a sequence of sohitions of (jO.ip C/fe such that 

\\Uk\\s<M^A{E,nax-e) and E{Uk) < E,nax (2.13) 
and a sequence of initial data {uk{s), duk{s)) such that 

E{uk{s),dtUk{s)) < Ernax 

||^iW(-)(«7fc(0) - 7/fe(s),9t(t/fc(0) - UfcGs)))||s = 0,(1). ^^-^^^ 

Hence, applying proposition 1 1.3[ we get that, for j sufficiently large, and for all k 
sufficiently large, there holds that Uk is global and that ||wi;||s < 1, which contra- 
dicts (|2.3p . This finishes the proof. □ 

Now we need the following structure result about sequences of 1-oscillatory linear 
solutions of (|1.3p . Lemma [2.11 below . In order to state it, we introduce some new 
definition. We define a core to be any sequence {Sk, Yk)k in R x R" such that (5*^)^ 
and {Yk)k either go to infinity in norm or converge. Note that from any sequence 
in R X R", one can always extract a core. We also say that two cores (T^, Xk)k and 
{Sk,Yk)k are orthogonal if 

\Tk~ Sk\ + \Xk-Yk\^ +00 

as fc — !• +00. Our next lemma is inspired by the work in Bahouri and Gerard [1] 
and Metivier and Schochet |Tl]. It reads as follows. 

Lemma 2.1. Let {wk)k be a sequence of linear solutions of (jl.3p satisfying that 
Eo{wk) < E for all k and that {wk)k is 1-oscillator^. Then there exists a sequence 
of linear solutions (1^")q of (|1.3p . a sequence of cores {S^, Y^)a which are pairwise 
orthogonal, and a sequence of linear solutions {Rk)A,k of (|1.3p such that, for all k, 
A, t and x, there holds that 

A 

Wkit,x) = J2 V" it + S^,x + ) + Rtit,x) 

A 

Eoiwk) = + ^"(^fe ) + ''^(l) 

lim limsup = 

where o^(l) — > for fixed A as k +00. Besides, for every t € R, the norm 
\\wk{t)\\LP+i converges as k ^ +00, and there holds that 

00 

hm \\wkmitl = Y, lim \\V-{t + S^)\Cl. (2.16) 

a=0 



(2.15) 



^Note that for a linear solution, this is equivalent to 



lim limsup£;o(a;fc{0) - V P]vu)fc(0))=0 

k^ + OG \lnN\<j 
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Proof. Given a sequence of functions Wk defined on R x M", let us define P{{Wk)k) 
to be the set ofweak limits (in£) of sequences of the form iTyf^Wk{sk),dtTy^Wk{sk)), 
where {sk,yk)k is an arbitrary core, and let 

M[{Wk)k) = sup{i?o(0,^) : (0» e P{{Wk)k)}- 

Suppose first that M{{wk)k) > 0, and let G P{{wk)k) be such that 

Eo{4i,tp) > ^N'{{wk)k)- Then, we know that there exists {S'l,Y^)k such that 
{TyoWkiSl), dtTyoWkiS^)) {(j), %p) . Lct bc the linear solution of equation ()1.3|) 
with initial conditions {(f>,ip)j and we let wj,{t,x) — Wk{t,x) — T_yoM^'^(t — S'j^,x). 
By weak convergence, we have that 

Eoiwk) = Eo{TyoW"{St)) + EoiTyowliS'^)) + o(l) 

(2.17) 

^ Eo{W°) + E„{wl) + oil) 

where o(l) ^ as fc ^ +oo. 

Then, we replace P{{wk)k) by F((u'^)fe), and start the procedure again to define 
{wDk for j = 2, 3,.... If for some j, we find that J\f{{wl.)k) = 0, then we let 
W'-' — and F/ = for aU J > j, and choose (5^) such that the cores (5*^,0) 
are pairwise orthogonal and orthogonal to all cores (S*^, Y^), < p < j- Hence, we 
get a sequence W" of solutions of (|1.3p and a sequence of cores {Sl,Yj!)k- We first 
claim that the cores {Sj.,Yj^)k are pairwise orthogonal. 

Suppose it is not so. Let {S\,Y^)k and {Sl,Yi!)k be such that i < j, {S'k,Y^)k 
and {S'l,Y^)k are not orthogonal but for every < p < q < j, there holds that 
{S'^,Y^)k and {Sl,Yl^)k are orthogonal. In particular, we note that M{{u\)k) > 0. 
Then passing to a subsequence, we may assume that (Si — Sl,Yj! — Yj!:) (S"*, F*). 
By definition, we have that 

j 

wi+' {t,x)^Wk{t,x)-J2 it-S^,x + YC ) 

= wiit,x)-j2w''it-s^^^+yk) 

a—i 

^wi{t,x)-WHt~Slx + Yi), 

and that forZ = iTyiwl{Sl),dtTyiwl{Sl)) converges to {W'{0),dtW''{0)) weakly 
in £. Consequently, one the one hand, we find that 

Ty-wliSl) - Ty^wliSl) = Ty^wl{Sl) - ^-Y ' +o{i))ryj wi{Sl - + o(l)) (2.18) 

converges weakly to W^{0) — T_y,M^^(— 5*), but the lefthand side of (|2.18p above 
is also equal to 

j-i 

a—i 

and since the cores (5^, i^/f )fe are pairwise orthogonal for i < a < j ~1, V converges 
weakly to W'{0). As a result, we get that W^-S^) = 0, and hence (0) = (0, 0), 
but this gives a contradiction with the fact that M{{wj,)k) ^ 0. This proves that 
all the cores are pairwise orthogonal. 
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Iterating (|2.17p . we get that for any A and k, 



A-l 



Eoiwk) = EoiW) + Eoiiw^)) + o(l). (2.19) 



a=0 



This shows that the series of Eo{W°') is convergent, hence we get that i?o(VF") 
as a — > +0O, and since Eo{W°') > l/2A/'((w^+^)fe), this proves that 

7V((w^)fe) ^ as a ^ +oo. (2.20) 

Now, we need the fohowing claim. 

For N a dyadic number, there holds that 

. 7^(p+l)-2(7^ + 4) n{p+ 1) - 2(n + 4) 

limsup \\Pnw^\\ s <E,„^^ N ^(p+i) Af{{wk)k) ^"<''+'' ■ (2.21) 

k — ^+00 

To prove this, observe that, by Strichartz estimates (|1.5p . we get that 

||P/VW^|| 2(n + 4) 2(,^ + 4) < \/ EjnaX ■ (2.22) 

Independently, we have the following estimation, 

limsup||Pjv«i^|Uoo(R,ioo) <iVtAA((u;fe)fe)i (2.23) 

k — ^+00 

Indeed, let Sk, and Xk be such that \\Pnw-^\\l=°{r,l<^) — \PNW-^{sk,Xk)\- Then, 
letting ip be as in (|1.7p . we get that 

limsup ||PAru)^(sfe,a::fe)||ioo(ioo) < iV"| / w^isk^y - Xk)i}{Ny)dy\ 

k^+00 JR'> 

sup I / wt{tk,y-yk)^{Ny)dy\ 

{tk)k,{Vk)k JK." 



<7V" sup I / Wiy)ib{Ny)dy\ 
<A^* sup \\W\\l2 

W£P{{w^)k) 

<N^U{{wt)k)i 

This proves p.23p . and (|2.21[) then follows from Holder's inequality and (|2.22p . 
(12:23)1 . 

Now, let us finish the proof of (|2.15p . Using (|2.19p we see that we need only 
prove that 

lim limsup Ijui^lls = 0. 
But, using (|2.2ip and Strichartz estimates (|1.5p . we get that 

\\wt\\s <\\P<LW^\\S+ J2 \\PNW^\\s + \\P>MWk\\s 
L<N<M 

< ^/Eo{P<LWk) + yjEo{P>MWk) + ^'^■^iiwk)k)^ (2.24) 

L<N<M 
M 



< y/Eo{P<LWk) + VEo{P>MWk) + log —M'^J^{{wk)k)^ 
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for e {n{p+\)-2{n + A))/{n{p+l)). Now, for every e > 0, using (|2^ for {'Wk)k, 
we can choose L and M such that the sum of the two first term in the last line of 
(|2.24p is smaller than e. Then (|2.20p ensures that for A sufficiently large, the third 
term is smaller than e. 

Finally, let us prove (|2.16[) . For simplicity, we will assume that t — 0. we remark 
that for a > 0, there holds that 

\\rY.V-{S'^) + <^\mlXl^ = \\V^{S'^)\\T.l^ + \\<^\mlXl^+o{l) (2.25) 

Indeed, either \S'^\ +oo, in which case, ||^^(5'^)||lp+i 0, and (|2.25p is clear, or 
there exists S*" such that S*)? ^ S*". In this case, there holds that 



< / |F"(5ni|r-y»<+H0)rdx+ / \V^{S-r\T^Y!twl+\0)\dx + o^{l) 



where we used the fact that T_you'^^^(0) ^ in . Besides, a similar proof 
shows that, for a ^ /3, 

\\rY,-V-{S'^)+ry^V^{St)\\lXl^ ^ ^ 

(2.26) 

= Wv^ismiXl + \\v^st)\\iXl+0A{i). 

Let now define T to be the set of a's such that (>5'^)fc is convergent to a limit 5". 
Equations (I2.25|) and ()2.26|) prove that, for every A, there holds that 

A 

\\Mt)\\lXl^ E r"(5,")||^li. + lk^+\o)||^|^,+o(i) 

a=0,a6:F 
A 

a=0 °° 

where o(l) — + as fc ^ +cx). To prove (I2.16p . we need only show that 
limsup ||w^||ioo(K^^p+i) as A +oo. 

Using (j2.2ip . we prove this as follows. Let i e M, and let s be as in p.2p . we have 
that 

lk^(i)llL.+i < ll^<L^i'fe (i)llL.+i + E ll^iV^fe(i)llLP+i + ll^>MWfe(OllL.+i 

L<Af<Af 

<i1|u;,^(t)|U2 + ||vrP>MW^(i)||L^ 

+ E ll^iv^«fc(t)llS(R,i2)||Piv«^^(i)llS(R,L=^) 



L<N<M 



M 



< L'VEma^+ M^-V-E^ma. + log — i;ra'.AA( (t/;^ )fc) ^ . 

(2.27) 
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It follows that, for every e > 0, we can choose L and M such that the sum of the 
two first term in the last line of (I2.27P are smaller that e. Then using ()2.20p . we 
get that for A and k sufficiently large, the L^^L^'+^-norm of is smaller than 2e. 
This ends the proof of Lemma 12.11 

□ 

Now we can prove the main result of this section 

Proposition 2.2. Suppose that Emax < +oo. Let {uk)k be a sequence of solutions 
of the nonlinear equation (|0.1|) and {tk)k be a sequence in M such that 

E{uk) Emax and 1 1 Wfc 1 1 s(-oo. t^], 1 1 "fell s[tfc,+oo) +oo , as fc ^ +cx) (2.28) 
then there exists (mo,ui) and a sequence {yk)k in such that 

iTy^Uk{tk),Ty^dtUk{tk)) ^ {uq,ui) in £. (2.29) 

Proof. By time translation, we may assume that tk = for all k. We know from 
Proposition 12.11 that (uk)k is 1-oscillatory. Let us apply Lemma [TT] to the sequence 
of linear solutions {vk)k with initial data (wfc(O), (9tUfe(0)) = (ufe(O), 9tUfe(0)). Then, 
we get a sequence {V")a of (|1.3|) . a sequence of cores {S^,Y^)a: which are pairwise 
orthogonal, and a sequence of hnear solutions {R^)A,k of (II. 3|) such that, ()2.15p 
holds true. Now, for all a define [/" as the nonlinear solution of (10.11) such that 



as k +0O. In particular, there holds that 

E{Un = Eo{V") + -^ \im WV^iS^nitl (2.30) 

and that i;(f/") = if and only if EoiV") = 0. Using ([^1^ . ([^1^ and ([2301), we 
get that for fixed A, 

EiukiO)) = EoiMO)) + ^ll"fe(0)||^t!i 
p+l 



= J2 EoiV") + EoiRt) + oa{1) + — t E . 1™ ll^"(^fe )lli^+i 

A . OQ 

^J2EiU") + Eo{R^) + OA{l) + -- E 1™ r^mili^'i- 
Letting k +00, and then A — ^ +00, we then get that 

oc 

E„^ax = V E{U^) + hm limsup£;o(i?fc )• (2.31) 

a=0 h^+oo 

Suppose first that for all a there holds that U" = 0, then, using (|2.15p . we get that 

Ikfells^O 

as k — > +00. Let k be sufficiently large so that H^feHs < S, we then get using 
Lemma [l.ll that for all k sufficiently large ||u/c||s ^ ll^^fells — > which contradicts 
(|2.28p . Consequently, there exists a — ao such that E{U"'") > 0. Suppose now that 
E{U"°) < Emax- Then, there exists e > such that for aU (3, E{U'^) < Emax - £• 
In particular, HC/'^Hs^^ < A{E,nax - e) < +00. 



14 BENOIT PAUSADER 

In this case, let (s) ~ X]a=o '^^S U"{s + S^). We prove now that is a good 
approximation of Uk- In the sequel, we define L/^ by U^{s, x) = J7"(s + S'^, x — Y^"). 

First, there holds that 

WQ^'s^' = jZ\\U''rs^' +^a{1) (2.32) 

a=l 

Indeed, we have that 

A 

II rra I 

S 



a=0 



< I W'^it-S^^x-Y^Wf'lt-Slx-YiWdtdx 

= 0^(1). 

(2.33) 

Now, since A is sublinear around and bounded on [0, Emax — e], using ()2.31|) and 
(12321), we get that 

A A A 

limsup||g^||^+i = J2 WUTs"' < E ^^^^...^ E^(f^") 



Besides, is an approximate solution in the sense that satisfies (|1.12p with 
error 

A 

We claim that 

||e^||jv-o^(l) (2.34) 
as fc ^ +00. To prove p.34p . we first prove that 

lle^ll i^„z±i -o^(l), (2.35) 

where oa{^) — > as fc ^ +00 when A is fixed. Indeed, proceeding as in (|2.33[) . we 
show that 

llefcll P+i P+i < II E |t/fe||C/fr'|| p+1 p+1 



^ " LP (R,L p ) 
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Then, if n < 3, we let "f = t] = oo, q = r = 2(n + 4)/ri, t = a = 2{n + 2)/n and 
0={p+ l)/ipq'), K={p+ 1)/(pt'), if n = 4, wc let 

, _ (p+l)(«+8) n+8 1 , , „ 

q ^ 2p(»+4) g, ^ ^ ~ 7 1 ^ ^ 1 ^ » 4/3 

7(n+4) _ p+1 ' (»+4)p „ 1 ' g 2(n + 4) ' r 2(n + 4) n 

n p n(p+l) 7 

_ (p+l)(ra+4) „+4 1 

. _ 2p(n+2) ~ ^ 1 _ " I A nnd - ^ 

v(n+2) p+1 ' {n+2)p 1 ' ^ 2 n + 2 (7 2(n + 2 n 

n p n(p+l) 7/ 

with 7, 1] large real numbers such that 2 < r, r, cr < oo and < 0, k < 1. On the 
one hand, using (|2.35p and the conservation of energy, we have that 

L p {L p ) ^ ' 

/A A \ 

< oAii) II E ry^-uni^^H^) + E m^iH^) 

\ Q=l a=l J 



< 



E„ 



oa{1), 



and on the other hand, for the same reasons, there holds that 

ll^fc Ili^'fL"') — ll^fc ll'*'£±l £+1 llCfe ll^oo'}^,-) 

^ ' L p (L p ) ^ I 



A \ 1-'^ 



<OA{i)[\\Y.-y.-uni^^^.) + Y.\\u"^'' 



a — 1 I 



< 



E„ 



oa(1). 



With these inequalities, we get that (|2.34p holds true. 
Besides, by definition, there holds that 

A 

||7riW(.)(Q^(0) - UkiO),dtQtiO) ~ dtUkmWs - II E ^" - ^fcll^ = ll^^ll^ 
hence, 

limsup |KiW(-)(Q^(0) - Uk{0),dtQt{0) ~ c'iUfc(0))||s ^ (2.36) 

k — ^ + C30 

as A ^ +00. Now, using (|2.32p . (|2.34p . (|2.36p we can apply Proposition 1 1.31 to get 
that 

\Wk\\s < lim limsupllQfc lis <is„„^,<: 1, 

A^oo k^+ao 

which contradicts (|2.28p . 

Consequently, we find that for all i, a; 

Vk{t,x) ^V{t + Sk,x + Yk) + Rk{t,x) 

where Eo{Rk) — > as fc ^ +oo. Now, suppose that Sk +oo. Then, using the 
Strichartz estimates (11.51) . we get that 

ll«fe||s([0,+oo)) = ll^'llsdSt.+oo)) ^ as ^ +0O. 
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Then, using Le mma [U we find that ||ufc||s([o,+oo)) ^ ||wfe||s([o,+ocO) ^ 0. Again, 
this contradicts (|2.28|) . A similar statement holds ii Sk ^ — oo. Finally, there exists 
St, such that Sk — * 5*. Then we get that 

K(0, x),dtUkiO, x)) = iViS,,x + Yk),dtV{S,,x + Yk)) + Vk 

where {rk^dtr^) (0,0) in £. This ends the proof of Proposition [2?2l □ 

As a consequence of Proposition [221 we have the following compactness result. 

Corollary 2.1. Suppose that Emax < +oo. Then there exists u, a strong solution 
of (jO.ip defined on M, and a Junction y{t) such that the set 

K = {[Ty(t)u{t),Ty(t)Ut{t)) : i e M} (2.37) 

is precompact in £. Besides, one can assume that y is and satisfies 

\m\ <u 1 (2.38) 

uniformly in t. 

Proof. By definition of Emax, there exists a sequence {uk)k of strong solutions of 
(|0.ip satisfying the hypothesis of Proposition 12.21 with tk — for all k. Let (uoi^i) 
be given by Proposition 12. 2[ and let u be the solution of (jO.ip with initial data 
(ttOjMi). Then, E{u) = Emax, and by local wellposedness, we get 

Iklisc-oo.o) = ll"lls(0,+oo) = +00- 

Now we need only find y{t) satisfying the right properties. 

For {u,v) e £ and y E M", we define 

Eo{u,v,y,R) = / {v{x)^ + {Au{x))^ +mu{x)'^) dx, 

JB{y,R) 

X(u,v,R)= sup Eo{u,v,y, R) and 

p{u, V, S) = inf{i? : X{u, v, R) > (1 - S)Eo{u, v)}. 

We claim that for all fixed 6 > 0, p{u{t),ut{t),5) remains bounded. Indeed, if 
this were not true, there would exist a sequence of times {tk)k such that we have 
for all k and all y, that Eo{u{tk),Ut{tk),y, k) < (1 — S)Eo{u{tk),Ut{tk)) ■ But 
the sequence {u{tk),ut{tk))k satisfies the hypothesis of Proposition 12. 2} hence there 
exists a sequence Yk such that, passing to a subsequence, 

{'rYkU{tk),TY^Ut{tk)) {wo,Wi) 

as /c — > +00 in £. Consequently, 

Eo{wa,wi,y,R) = lim Eo{TY^u{tk), Ty^utitk), y, R) < {1 - S)Eo{wa,wi) 

k 

for all R. Hence Eo{wo,wi) < (1 — S)Eo{wo,wi). This gives Eo{wo,wi) = which 
contradicts the fact that E{wo,wi) — lim E(u(tk),Ut(tk)) = Emax- Consequently, 
there exists an increasing function R such that p{u{t),ut{t),S) < R{S) for all t. 
A similar proof shows that there exists k(S) > such that for all t, 

X{u{t), utit), R{6)) > k{6). (2.39) 

We now let S be small such that 6 < 1/24, and VS < K/{AEmax)- Let y(t) be such 
that Xiuit),ut(t),R{d)) = E{u{t),utit),-y{t),R{6)). 
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We claim that the set K — {Ty(^t-)u(t),Ty(^t)Utit) '■ t e M} is precompact in £. 
Suppose it were not so. Then there would exist e > and a sequence of times 
such that 

E0{Ty(t.)U{ti, ) - Ty(t^)U{tj),Ty(t,)Ut{ti) ~ Ty j)Ut{t j)) > £ {2 AO) 

for all i ^ j- Applying Proposition 12. 2[ we get that there exists a sequence {Yk)k 
and {wo,wi) € £ such that, up to a subsequence, 

{U(ti),Ut{U)) = {Ty(ti)+YMti)>Tv(U)+Y,Ut{U)) 

converges to {wo,wi) in £. In particular, {U{ti),Ut{ti)) is a Cauchy sequence. Let 
io be such that for all j > io, there holds that 

EoiUit,) - U{UJ, Ut{tj) - Ut{U„)) < «/4, (2.41) 

where k = k{S) is defined in (I2.39|) . and suppose that there exists a subsequence 
such that |Yfe — Yio \ ^ +00 a.s k ^ +00. Then, for \Yk — li^ | > 2R{6), we get that 

EoiU{tj)-U{U„),Ut{tj)~Ut{U^)) 

= EoiUit,)) + EoiUiUj) + 2{U{t,), U{U„) 

>2k + 2 / {Ut{tj)Ut{U„) + AU{tj)AU{U,) + mU{tj)U{U,))dx 

Jb(y,,r[S)) 

f (2.42) 

+ 2 / {Ut{tj)Ut{U,) + AU{tj)AU{h„) + mU{tj)U(U,)) dx 

J \x-Y,\>R{S)) 

>2k- 2^Eo{Uit,))^SEoiUiU,)) - 2^ E^{U{U,))^ 8E^{U{t,)) 

> 2k - 4,\/6E,-aax > K 

but this contradicts (|2.4ip . Consequently, the sequence {Yk)k remains bounded. 
Hence, up to a subsequence, we can assume that Yk Y^. But then we get that 

{T-Y.M{tk),T^Y.Mtk)) = {u{tk, ■ - y{tk) - {Yk - Y,)), ut{tk, ■ - y{tk) ~ {Yk ~ K)))) 

is a Cauchy sequence, which contradicts (|2.40p . 

It only remains to prove (|2.38p . By the precompactness of if, and the continuity 
of the flow, there exists Sq > such that for every solution u of (|0.ip with initial 
data {wq,w\) <E there holds that 

£o(m(s), Mt(s), 0, 2i?(<5)) > (1 - <5)i;o(u(0), U((0), 0, R{b)) , and 

E^{u{s),ut{s)) < {l^S)-^Eo{u{0),ut{0)) 

for every time s such that \s\ < sq. In particular, 

Eo{u{s),ut{s),0, 2R{S)) > (1 - SfEo{u{s),Ut{s)). 

This implies th&t E{u{s),Ut{s),Y, R{S)) < {I -S)Eo{u{s),Ut{s)) when \Y\ > 3R{S). 
Consequently, for all t e R, for all sufficiently small s < 2so, there holds that 
\y{t) — y{t + s)| < 6R{S). Now, let tj — jsq for i G Z, and let y be a smooth 
function such that y{tj) = y{tj), and \y'{t)\ < 8R{6)so \ Then \y{t) - y{t)\ <„ 1, 
hence {Ty(t)u(i),t £ R} also is compact in £ and replacing y by y, we get (|2.38p . 
This finishes the proof. □ 

Of course u{t) might vanish for some t (in which case the momentum vanishes). 
However, we prove now that it has a nontrivial contribution to the energy in every 
finite interval of time. 
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Corollary 2.2. Let u be a nonlinear strong solution of (|0.1|) such that the set K 
defined in p.37|) is precompact in £ , and E{u) ^ 0. For every r > 0, there exists 
two positive numbers a{T,u) and P{t,u) such that, for all times t, there holds that 

a< f \u{s,x)\P+^dxds < 13 (2.43) 

In particular, there holds that /q /jj„ \u\P^^dxds ~„ t. 

Proof. The bound from above follows from Sobolev's inequality and the conserva- 
tion of the energy. Suppose the bound from below is not true. Then there exist 
r > and a sequence tk such that 

/'^ / \u{t,x)\P+^dxdt<l. (2.44) 
Jtfe Jr" k 

Using the precompactness of K, we can extract a subsequence and assume that 

i'^y{tk)'^{'tk),Ty(t^)Ut{tk)) {Ua,Ui) inf. 

Let U be the nonlinear strong solution of (jO.ip with initial data {Uo,Ui). Then, 
EiJJ) = E{u) ^ 0. By wellposedness and (|2.44p . we get 

/ ( \U{t,x)\P+^dtdx^G. 
Jo Jr" 

Consequently we have U{t) — for all t in (0, r), hence Ut{t) — for all such t. 
Consequently E{U) = 0. This is a contradiction. □ 

In the appendix, we give a more complete description of y{t) in terms of Mom(u). 

3. Proof of Theorems 10.11 and 12. II 

The previous section showed that if E^ax < +oo, then there must exist a solution 
w ^ of energy E^ax which is similar to a traveling wave. In order to rule out such 
a special solution, we need to understand how to rule out the existence of exact 
traveling waves for the defocusing equation. In the special case of a standing wave 
(i.e. traveling wave of speed c = 0), we can use the usual Pohozhaev identity. In the 
special case of a solution similar to a traveling wave, but of momentum vector [0, a 
Virial estimate corresponding to the Pohozaev identity, (see Proposition l4.ip allows 
us to get a contradiction. To prove that when n > 2, there can be no traveling 
wave with nonzero speed in the defocusing case, we use a variant of the Pohozhaev 
identity in a direction orthogonal to the momentum. In particular, we need to have 
at least two dimensions. The corresponding estimate adapted to solutions which 
are not given by an elliptic equation but nevertheless are similar to traveling waves 
is given by Proposition 13. II below. We remark that in dimension n — 1, a. traveling 
wave of speed c, u(t) — Q(x — ct) satisfies the equation 

A^Q + c^AQ + mQ + X\Q\-^Q = 

which only consists of full derivatives, and whose linear part is not coercive for c 
large. 

Proposition 3.1. Let 2<n<4, A>0 and 1 + 8/n < p < +oo. Then there holds 

that E,nax = +00 . 



Note that a traveling wave has zero momentum vector if and only if it has speed c = 0, i.e. if 
and only if it is a standing wave. 
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Proof. Without loss of generality, one can assume that the momentum vector is 
parallel to the first vector in the canonical basis of M" . Thus 

ut{t, x)dju{t, x)dx = (3-1) 

for j > 2. Let a{x) = (j){x/ K) where </) is a nonnegative smooth radially symmetric 
function such that ^ = 1 on the ball of radius 1 and is supported in the ball of 
radius 2 and let z = a: — y{t). We define the modified Virial/Morawetz action as 

hit) = I Z2a{z)d2u{t,x)ut{t,x)dx, (3-2) 

where Z2 = X2 — 2/2 (i) denotes the second component of z. Integration by parts and 
((0?T|) show that 

dth ~ f dt {z2a{z)) Ut{t,x)d2u(t,x)dx + f Z2a{z)d2 ^^*^^'^^^ dx 



Z2a{z)d2U (^A'^u + mu + X\u\^ ^uj dx 
i y" (^-u^t + (Au)^ + mu^ + ^^\u\P+'^^ dx ^ 2 J \Wd2u\^dx 



Z2 [ Utd2udx + [ O2 {\ut\^ + + |Vu|2 + \d.,jU\^) dx 

JR" J\z\>R 



l\z\>R 

where, by (|3.ip . the third integral in the second equality vanishes, z ~ -^z and 



02{\ut\' + \u\' + \Vu\' + \d,,u\') 

1 ( 2\ 

= - {z2d2a - (1 - a)) + {Auf + mu + 



J5+1 / (3.4) 
+ (1 - a) (2|Va2Up - Z2Utd2u) + Aa{d2uf - Z2AaAud2u) 
— {z2y ■ 'Va{z))utd2U — 2(z2Va) • Vd2uAu 

is bounded by a constant multiple of (uj + |i9yUp + jVup + u^) and is supported 
on the set \z\ > R. Besides, we define the equirepartition of energy action 



Then 



Ja{t) — / a{z)u{t,x)ut{t,x)dx. 

dtJa = I a{u^- {Auf ~ mu^ - \\u\p+^) dx 

— / {AauAu + 2VaVuAu) dx ^ I {y ■ Va) uut 

(u? _ (Au)2 - TOu2 _ X\u\P+^) dx 

Oj{u)dx, 
where 

Oj{u) =(1 - a) (ul - {Auf - mu^ - X\u\p+^) + {AauAu + 2\/a\/uAu) 
+ [y ■ Va) uut 
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has the same properties as 02{u) in ()3.4|) . Considering A2 = h + \ Ja, and com- 
bining (|3.3p and p.Sp . we get that 

< ^^^(") (3.7) 

for all time t and 



dtA2 - -2 



l^^2«l' + 77^4^1"!''^'') '^^ + / + Oj{u)) dx 



(3.8) 



If i?maa; < +0O, we integrate this identity from to T > 0. Using Corollary 
we get that there exists a = a{l, u) > such that 

^ J \u{s,x)\P+^dxds>aT 

for all T > 1. By compactness of K proven in Corollary 12. 11 

^^^^^ ^ \02iu) + 0j{u)\dx<^ 



Kp-^)J\z\>r 2 
for R sufficiently large. Thus -A2(T) >„ T for large T. This contradicts HjJl} . 

□ 

As already mentioned, Corollary 13.11 finishes the proof of Theorems I0.1l and l2.1l 

4. Appendix 

The goal of this appendix is to clarify the relation between the translation func- 
tion y{t) defined in (|2.37p and the Momentum. It shows that y{t) is roughly com- 
parable to tMom(u). 

Proposition 4.1. Let u be a nonlinear strong solution of (jO.ip such that the set 
K as in (|2.37p is precompact in £, \y{t)\ < 1 and E{u) ^ 0. Then for every e > 0, 
there exists a constant Cf > such that 



y{t) ■ Mom{u) + 2 l^/^u{s f + ^|^-ll|«(.s)|f+i^ ds 



<C, + et (4.1) 



In particular, for t > 1, y{t) ■ Mom{u) ~„ t. 
Proof. For a and z as in p.2p . let 



Ia{t) = I a{z){z ■\Iu{t,x))ut{t,x)dx 

be the usual Morawetz/yirial action. Integration by parts giyes that 

dJa = ^ / (mu^ + (Am)2 + -^\u\P+^ -uf]dx^2 [ {Au)^dx 
2 7r" V P + 1 / JR" 

- y ■ Mom(ii) (4.2) 
Oi{u)dx, 
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where 
Oi{u) 

= -(1 - a) f mu^ + (Am)2 + -^\u\P+^ - uj ] ~ 2{Auf - uty ■ Vu 

J ^ (4.3) 

— (AaAu(z • Vu) + 2diazjdijuAu + 2VaVuAu) — (y • Va) (z • Vu) ut 

is bounded by a constant multiple of (uj + |i9yUp + |Vup + u'^) and is supported 
on the set \z\ > R. 

Now, let ^ = /q + 5^ Ja be the total action, we find that 



dtA = -2 



'\A>R 

Integrating with respect to t, we get that 



(Au)2 + — dx-y- Mom(u) 
4(p+l) J 

{Oi{u) + rfx. 



(4.4) 



2/(t) . Mom(u) + 2^ (az^)' + ^^^^H"^') 



(4.5) 



Now, by compactness oi K \\i where K is as in p.37[) . we get that for every 
e > 0, there exists R{e) > such that for all v E K 

(\Ojiv)\ + ^\Ojiu)\)dx<e. 

Choosing R — i?(e) in (|4.5p gives (|4.ip . To prove the last assertion we use Corollary 
and choose e < a(l, u) in ([iTTjl . 

□ 

Corollary 4.1. //u is as m i/ie conclusion of Corollarv \2.1[ then either u = or 
Mom{u) 7^ 0. In particular, in the latter case u cannot he radially symmetrical. 

Proof. Indeed, if u is radial, then Mom(u) = 0. This contradicts Proposition 14.11 

□ 

The previous proposition described the component of y{t) in the direction of 
Mom(M). In the next proposition, we prove that in the other components, y{t) does 
not evolve significantly. 

Proposition 4.2. Suppose that Mom{u) ^ 0. Under the same conditions as in 
Proposition \4-. 1\ we have that for all e > 0, there exists a constant Cg > such that 
for any vector Z orthogonal to Mom{u), there holds that 

\Z ■y{t)\<C, + te. (4.6) 

Proof. For i ^ j, and (u, v) G let 

ijjij{u,v) — v{t,x) {diu{x)ej — dju{x)ei) , 
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where Ci denotes the i-th vector of the canonical basis in M". For u a soultion of 
(|0.1|) . the quantity 

flij{u) ^ J ujij{u{t),ut{t))dx 

is a conserved quantity, which we simply write fly . We consider the rotational 
action as follows 



Ri] = J a{z){z ■ Lj^j{u{t),ut{t)))dx 
where a and z are as in the proof of Proposition 14. II above. Then, there holds that 



dtRij = -y ■ ^ij 

+ / {1 — a)LJijdx — y ■ j \7a {z ■ ujij) dx 



1 / .n... n..,^^.2 ,a ^2 2 M^K' 



(dittZj — djttZi) — (Au) — mu j dx 



(AaAuz • {diUCj — djuei) — 2AwVa • {diuej — djua)) 
dka [dikuej — djkuei) ■ zdx 
= -y ■ + I 0^{u)dx. 



I R<\z\<2R 

Integrating this with respect to time gives 

y{t) ■ = R,j{t) ~ i?y (0) + / / 0^{u)dxdt, 

Jo J\z\>R 

and this gives (|4.6p since 0^{u) has the same properties as 02{u) in (|3.4[) and the 
span the orthogonal plan to Mom(ii). □ 
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